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Motivation

(a) Closed quantum systems

(quantum cosmology)

Standard QT → Observables

(c.f. “Beables”)

Need: observer independent formulation

(realsitic Vs instrumentalist interpretation)

(b) In QT space-time are NOT

in equal footing

In Quantum Gravity this essentially leads

to the problem of time

More natural: a histories formulation
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Feynman Amplitudes

and Probabilities

- We define Histories Space Ω, the space of all

possible histories (c.f. trajectories).

- Can assign a complex number (quantum am-

plitude) to each history (element of Ω), fol-

lowing Feynman. Depends on the dynamics of

the theory encoded at the Action S.

α(x(t)) = exp iS(x(t)).

- This can give the transition amplitude from

x1 at time t1 and ending at x2 at time t2. This

happens if one sums the amplitudes of ALL

histories satisfying the above.

α(x1, t1;x2, t2) =
∫
P exp (−iS[x(t)])Dx(t)
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where P are the paths from (x1, t1) to (x2, t2)

- Special type of coarse-graining. For t ̸= t1, t2
it corresponds to summing all the histories, i.e.

projecting to the identity. We call these 2-

times histories.

- Standard QM probabilities are recovered, by

summing the amplitudes and then taking the

mod square:

p(∆1, t1;∆2, t2) =

|
∫
x1∈∆1;x2∈∆2

α(x1, t1;x2, t2)dx1dx2|2



Decoherence Functional

In histories formulation, one attempts to take

seriously, the amplitudes of ALL histories. In

other words, we extend our attention to sub-

sets of histories that do not project at the iden-

tity in the intermediate times t1 < t < t2.

To take into account the interference as well,

the decoherence functional is used:

D(A,B) =
∫
A exp (−iS[x(t)])Dx[(t)]×∫

B exp (+iS[x(t)])Dx[(t)]

where A,B are any subsets of histories∗.

It obeys Hermiticity, Bi-linearity, Positivity and

Normalization

∗This has been developed in context of the decoherent histories,
first by Griffiths, Omnes, Hartle and Gell-Mann
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Quantum Measure

- Using the decoherence functional we can de-

fine the quantum measure:

µ(A) = D(A,A), where A any set of histories∗.

- Its interpretation (that may require the use

of the full decoherence functional), is the topic

of this talk and we will come back later.

- Note, that due to the Hermiticity of the d.f.

it uses only the real part of the d.f.

- Does NOT obey sum rule due to interference:

µ(A ⊔B) ̸= µ(A) + µ(B)

- Obeys weaker sum rule: µ(A⊔B⊔C) = µ(A⊔
B)+µ(A⊔C)+µ(B ⊔C)−µ(A)−µ(B)−µ(C)

∗R. D. Sorkin, Mod. Phys. Lett. A 9 (1994) 3119
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i.e. no 3 paths interference.

- Note the difference with the classical measure

defined on Bohm trajectories. Both agree with

QM. Thus if one restricts attention to 2-times

subsets of histories, the quantum measure re-

duces to classical and also agrees with Bohm

measure. Extending to the full histories space,

is where they deviate.



The trouble with

Quantum Theory

- As we noted we have a quantum rather than

a normal measure.

- We can have a (classical) cover of Ω with sets

Ai s.t.
∪
iAi = Ω and each set in the cover has

q-measure zero |Ai| = 0.

- If we were to interpret, that q-measure 0,

means that this set (and anything it contains)

is NOT realised, we conclude that no single

history can be realised.

- If we were to allow, that a subset of some-

thing that cannot be realised COULD be re-

alised, it would be impossible to recover clas-

sical deductive reasoning.
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- Kochen-Specker theorem, is essentially a spe-
cial case of the above problem∗

- It is a generic feature that can arise even in
the simplest models. Two examples:

(a) 3-slit experiment: Three slits A,B,C and
a point on the screen such that A and B dis-
tractively interfere and B and C similarly

µ({A,B}) = µ({B,C}) = 0.

However since µ({A,B,C}) ̸= 0 the system
CAN be observed at that spot.

(b) Single qubit, measured at 3 moments of
time:

Initial state |0⟩ and evolution operator the uni-
tary operator
∗Dowker & Ghazi-Tabatabai J. Phys. A41 (2008) 105301; S. Surya

& PW, Found. Phys. 40 (2010) 585
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(We can chose always the basis of the ini-

tial state and the frequency of measurements

in such a way that any initial qubit with any

Hamiltonian, correspond to this example)

Evolve & measure at the {|0⟩, |1⟩} basis 3 times.
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This leads to the following cover with q-measure

zero sets (all those sets have zero q-measure

and their union is the full history space Ω):

{h1, h2}, {h1, h3}, {h1, h4}, {h5, h6}, {h6, h7}, {h6, h8}

- With sufficient fine-graining (detailed descrip-

tion) it arises at most systems (continuous

time or space)



Interpretation:

Classical Picture

There are 3 logical structures:

1. History space Ω consisting of all possible

histories hi’s. Associated with this is a Boolean

algebra of the set of subsets of Ω which we call

U. Each subset is called an event.

- One single history is realized

- Any physical question corresponds to a subset

A of Ω.

“x ∈ ∆ at time t1” ⇒ {h ∈ Ω|h(t) ∈ ∆}

- Initial conditions & dynamics determine which

hi is realized
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- Could have a measure on Ω (stochastic clas-

sical physics)

- Definite predictions: Things of |A| = 0 do

NOT occur (preclusion)

- Cannot cover the full space Ω with zero sets

2. Space of truth values T : {Truth, False} or

else {1,0}. Has a Boolean algebra structure.

3. Valuations maps, ϕ : U → T . Assign a truth

value to each subset. Such maps are called

co-events. These maps for classical physics

respect the Boolean structures of U and T and

thus is a homomorphism:



ϕ(A△B) = ϕ(A) + ϕ(B)

ϕ(A ·B) = ϕ(A ∩B) = ϕ(A)ϕ(B)

These co-events are called classical co-events

• In deterministic physics the system follows

a unique fine grained history h. With this

particular reality there exists a unique (ho-

momorphic) map ϕh defined as:

ϕh(A) = 1 iff h ∈ A

ϕh(A) = 0 otherwise

(c.f. characteristic map)

• In stochastic physics, there exists a

(classical) measure on Ω, and thus many

possible maps ϕhi corresponding to hi.



Interpretation:

3 Solutions for QT

- If we require µ(A) = 0 ⇒ ϕ(A) = 0, we can-

not maintain the picture of classical physics

and Boolean logic, i.e.:

No homomorphism between U and {T, F}

3 solutions, alter each of the logical structures:

1. Do not consider the full set of possible ques-

tions U (subsets of Ω). Select the preferred set

of classical questions (decoherent/consistent

histories).

- When there is a partition Ω =
⊔
iAi, where

D(Ai, Aj) = δijµ(Ai) the diagonal terms (quan-

tum measure of these subsets) correspond to

proper (Kolmogorov) probabilities. This parti-

tion generates a consistent set.
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- There exist many consistent sets, and they
cannot arise as a coarse-graining of a unique,
finest grained consistent set. To interpret con-
sistent histories, then one needs either

(a) Select a preferred consistent set, that may
be selected by an extra physical assumption

(b) or maintain a contextual view, where prob-
abilities on histories depend on the consistent
set-classical domain one uses.

2. Alter the space of T of truth values. Use of
Heyting algebras instead (Isham). Deductive
logic but contextual.

3. Alter the allowed maps (co-events) ϕ from
U to T .

- Weaken the requirement to be a homomor-
phism.

- Do so in a controlled way (keep some of the
structure) to maintain deductive power of re-
sulting logic.



The co-event formulation

• ϕ(A ∩B) = ϕ(A)ϕ(B) Keep multiplication

ϕ(A△B) ̸= ϕ(A) + ϕ(B) Drop addition

• Modus ponens (basic inference rule) holds:

ϕ(A) = 1 and A ⊆ B ⇒ ϕ(B) = 1

This implies that deductive reasoning can
be maintained∗ .

• ϕ(A) = 0 ; ϕ(Ω \ A) = 1 Here the anho-
momorphism is encoded (and the quantum
paradoxes).

• For any multiplicative co-event ϕ can be
shown† that there exists a subset Aϕ such

∗Clements, Dowker & PW, arXiv:1201.6266
†for finite dimensional history space. Some subtlety is required for
infinite case.
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that ϕ(B) = 1 iff Aϕ ⊆ B. We call Aϕ the

support of the co-event.

• Reality is no longer a single history (as in

classical physics).

The actual reality is a coarse grained history

(subset that is the support of the co-event).

If the support of a co-event is a single his-

tory, we then have a homomorphism which

is the case for classical physics.

• Other than the above weakening, we have

two more conditions on the realized physi-

cal co-events:

1. ϕ(A) = 0 if µ(A) = 0 (where µ the quan-

tum measure). Such co-events we call

preclusive. Here the physics (dynamics

and initial condition) enters the picture.



2. We select the “smaller” subsets A sub-

ject to multiplicativity and preclusivity.

I.e. we take subsets as close to sin-

gle histories as possible, keeping QT

close to classical physics. Such maps ϕ’s

are the possible realities, we call them

“Primitive Preclusive Co-events” (PPC).

Since the ontology are the co-events,

we call it “co-event formulation”.

• Typically, we will have many possible co-

events and the one realized is not fixed by

the quantum measure in similar way with

stochastic classical theory.

• QT is generalization of classical stochastic

physics rather than classical deterministic

physics.



• This formulation was initiated and mainly

developed by Sorkin in R. D. Sorkin, J. Phys. A 40,

3207 (2007); R. D. Sorkin, J. Phys. Conf. Ser. 67, 012018

(2007).

• Probabilities arise via the use of Cournot

principle‡ .

• Classicality arises, when after some coarse

graining, all the allowed co-events give rise

to homomorphism at the coarse grained

description. There is a UNIQUE such clas-

sical domain§.

‡Ghazi-Tabatabai & PW, J. Phys. A: Math. Theor. 42 (2009)
235303

§Appendix of paper above



Summary and Conclusions
• We analysed the possibility to assign to histories

quantum amplitude and probabilities, following Feyn-
man’s sum-over-histories formulation of QT.

• The concept of quantum measure was introduced
with the use of the decoherence funcional

• The existence of covers of the history space Ω with
q-measure zero sets was stressed and the impor-
tance of this observation in relation with realistic
interpretation of QT was stressed.

• The 3 logical structures of the histories analysis of
physics, lead to 3 natural possible solutions to the
problem of QT:

1. Decoherent Histories (altering the set of allowed
questions)

2. Topos logic (altering the space of truth values)

3. Co-event Formulation (altering the maps be-
tween those two)

• We introduced in greater detail, the co-event for-
mulation.

- Reality is a primitive, preclusive multiplicative
co-event.

- It mimics classical physics since possible realities
can be identified as subsets (rather than singletons)
of Ω.
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